The dynamic dipole polarizabilities for the four lowest triplet states (2 3 S, 3 3 S, 2 3 P and 3 3 P ) of helium are calculated using the B-spline configuration interaction method. Present values of the static dipole polarizabilities in the length, velocity and acceleration gauges are in good agreement with the best Hylleraas results. Also the tune-out wavelengths in the range from 400 nm to 4.2 µm for the four lowest triplet states are identified, and the magic wavelengths in the range from 460 nm to 3.5 µm for the 2 3 S → 3 3 S, 2 3 S → 2 3 P , and 2 3 S → 3 3 P transitions are determined. We show that the tune-out wavelength of 2 3 S state is 413.038 28(3) nm, which corroborates the value of Mitroy and Tang (Phys. Rev. A 88, 052515 (2013)), and the magic wavelength around 1066 nm for the 2 3 S → 3 3 P transition can be expected for precision measurement to determine the ratio of transition matrix elements (2 3 S → 2 3 P )/(3 3 P → 6 3 S).
I. INTRODUCTION
Precise calculations of dynamic dipole polarizabilities for atoms are of interest due to its importance in a number of applications. First, dynamic dipole polarizabilities can be used directly to analyse the ac Stark shift to pursue higher-precision atomic clocks [1, 2] . Second, investigation of the dynamic dipole polarizabilities can derive the magic wavelengths and tune-out wavelengths, which open a new route to determine the line strength ratio [2, 3] and to test the relativistic and quantum electrodynamic (QED) effects upon the transition matrix element not on the energy [4, 5] . And at last, since both of the trapping potential depth and the photon-scattering rate are dependent on the polarizabilities, the calculations of the dynamic dipole polarizabilities can provide reliable reference for experimental design to trap atoms in efficiency [6, 7] .
As the simplest two-electron system, the accurate theoretical calculations and experimental measurements of the energy levels for helium can be used to test the the three-body bound QED theory [8, 9] , to determine the fine structure constant with high-precision [10] [11] [12] , to extract the nuclear information without resorting to any model [13, 14] , and to develop the multi-electron atomic structure theory [9, 15] . Recently, the resonance transition 2 3 S → 2 3 P and the doubly-forbidden transition 2 3 S → 2 1 S of helium isotopes have attracted great interest for the determination of nuclear charge radius difference [7, 13, 14, 16] . Combined the laser cooling with magneto-optical trap techniques, the transitions 2 3 S → 2 3 P and 2 3 S → 3 3 P of helium are also demonstrated to produce high density quantum gas [17] . The key point to improve the experimental measurement precision for helium is setting the laser frequency at the magic wavelength to eliminate effectively the ac Stark shift induced by the trap light.
At present, there are lots of literatures focused on the accurate calculations of the energy and polarizabilities [18] [19] [20] [21] [22] [23] [24] for the ground state of helium. For example, the non-relativistic ground-state energy has been achieved up to 46 digits [25] , and the static dipole polarizability of the ground-state helium, which includes the effect of mass polarization, the relativistic and leading QED corrections, has been determined to 1.383 191(2) within 2 ppm accuracy [26] . However, compared with the ground state, there are very few calculations of dynamic polarizabilities for the triplet states of helium. As we known, for the metastable state 2 3 S of helium, Glover et al. listed the rigorous upper and lower bounds of the dynamic dipole polarizabilities [27] . Chung provided dynamic polarizabilities for frequencies up to the second excitation threshold by using a variation-perturbation scheme [28] . Chen used a configuration interaction (CI) scheme with B-spline functions [29] to improve the convergence of the dynamic dipole polarizabilities [30, 31] . And Rérat et al. presented the dynamic dipole polarizabilities of helium at both real and imaginary frequencies using time-dependent gauge-invariant method [32] . In 2005, Chernov et al. calculated the dynamic polarizabilities [33] by using the quantum defect Green function formalism. For others triplet states of helium, there are fewer reports can be referenced [33, 34] .
In this work, firstly, we have performed the calculations of static dipole polarizabilities for the low-lying triplet states 2 3 S, 2 3 P , 3 3 S and 3 3 P of helium with the configuration interaction method based on B-spline functions in the length, velocity and acceleration gauges. Then the dynamic dipole polarizabilities of 2 3 S, 2 3 P for frequencies below the second excitation threshold, and 3 3 S, 3 3 P for frequencies below the first ionization threshold are calculated utilizing oscillator strengths and energy differences obtained in the length gauge. In addition, using the dynamic dipole polarizabilities, the magic wavelengths for the three transitions 2 3 S → 3 3 S, 2 3 S → 2 3 P , and 2 3 S → 3 3 P , and the tune-out wavelengths for the four lowest triplet states 2 3 S, 2 3 P , 3 3 S, and 3 3 P are determined with high accuracy.
II. DIPOLE POLARIZABILITY
The dynamic dipole polarizability of the magnetic sub-level
where α 1 (ω) and α T 1 (ω) are the dynamic scalar and tensor dipole polarizabilities respectively, they are expressed as the summation of all allowed-transition intermediate states, including the continuum,
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In the above formula, ∆E gn is the transition energy between the initial state |N g L g M g and the intermediate state |N n L n M n , ω is the photon energy of external electric field, and the dipole oscillator strength f
gn have different expressions in the length, velocity, and acceleration gauges respectively,
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r i C (1) (r i ) being the electronic dipole transition operator of two-electron system, Z is the nuclear charge number, ℓ k or ℓ ℓ are the orbital quantum number of a electron, and the function b(ℓ; λ) is defined as
According to the Eqs. (2) and (3), for the case of L g = 0 initial state, the dynamic scalar and tensor dipole polarizabilities are
where α 1 (P, ω) represents the contributions of the intermediate state with the angular momentum number L n = 1. For the initial state of L g = 1, the dynamic scalar and tensor dipole polarizabilities are expressed as
where α 1 (S, ω) and α 1 (D, ω) are the contributions of the natural parity state (ss)S and (sd)D respectively, and α 1 (P, ω) is the contribution of the unnatural parity state of (pp ′ )P electron configuration.
In order to calculate the dynamic dipole polarizabilities, the fundamental atomic structure information of energies and wavefunctions are needed to obtain firstly. In our calculations, the configuration interaction method based on B-spline functions are adopted to get the energies and wavefunctions for helium.
III. CONFIGURATION INTERACTION WITH B-SPLINE BASIS
The Hamiltonian for two-electron system is given in second-quantized form as
where ε i is the ith energy eigenvalue of the single-particle Schrödinger equation, g ijkl is two-particle matrix element of the Coulomb interaction, and a + i and a i are creation and annihilation operators for the ith electron respectively. The single-particle quantum state is presented as |n i ℓ i m i m s i , here n i is the principal quantum number, ℓ i is the orbital angular momentum, m i and m s i are the orbital and spin angular momentum projection, respectively.
The two-electron wavefunction ψ ij (LS) is expressed as a linear combination of configuration-state wavefunctions φ ij (LS),
and the configuration-state wavefunction has the following expression,
where η ij is a normalization constant given by
The Clebsch-Gordan coefficients ℓ i m i ; ℓ j m j |LM and 1/2m s i ; 1/2m s j |SM S represent ℓℓ and ss coupling, respectively, |0 is the vacuum state and a + i |0 represents the ith eigenwavefunction of the single-particle Schrödinger equation with energy eigenvalue ε i . The configuration-state wavefunctions are independent of magnetic quantum numbers of m i , m j , m s i and m s j . From the interchange symmetery of the Clebsch-Gordan coefficients, it follows that
which implies φ ii (LM) = 0 unless L + S is even. According to the expansion of the wavefunctions, the matrix elements of Hamiltonian is
where the potential energy matrix element V ij,kℓ between different configurations is
The quantity X ν (ijkℓ) in the above equation is given by
where ℓ i C ν ℓ k is angular reduced matrix element,
The two-electron radial integral R ν (ijkℓ) of the Coulomb interaction is written as
where r < and r > are the minimum and maximum of r 1 and r 2 , and R i (r) is the radial wavefunction of the ith single-electron orbital. Using the variational method, the followed configuration interaction equations can be obtained,
where λ and c ij are the eigen-energy and eigen-wavefunction for two-electron atoms, respectively. Before solved the CI equations, the energies and wavefunctions for single-electron orbital are obtained firstly. In our calculations, B-splines are used to expand the radial wavefunction for the ith single-electron orbital, where {c i j } are the expansion coefficients, and the following exponential knots are employed,
where R 0 is the box size, which need to be chosen large enough to make sure the contributions to dynamic dipole polarizabilities from higher excited-state are included, especially when the photon energy ω is large. The non-linear parameter γ is also need to be adjusted to get more accurate ground-state energy of helium, then the value of γ is fixed the same for all the triplet states to simplify the integral of B-splines.
IV. RESULTS AND DISCUSSIONS
In our calculation, R 0 = 200 a.u. and γ = R 0 × 0.038 are used throughout the paper. Using the fixed values of R 0 and γ, we get the ground-state energy −2.879 0284 a.u. under S-wave approximation with 30 B-splines of order 7, which has 7 significant digits with the S-wave limit value −2.879 028 767 29 a.u. [35] . Table I is the convergence of the energies for the metastable state 2 3 S and the oscillator strengths of 2 3 S → 2 3 P transition in the length gauge of helium as the number of basis set and partial waves increased. For the energy, increase of the number of partial wave change less than the number of B-spline N increased. This convergent style for the energy suggested that we can fix partial wave (in our work we fix ℓ max = 10), then increase the number of B-spline N to avoid too enormous number of CI. Considering both the effect from N and ℓ max , the extrapolated values are given in the last line of the Table I . The final converged value for the energy is −2.175 229 36(2) a.u., which is in excellent agreement with the result [36] is the average of the length and velocity gauges, the results of Ref. [37] are in the length gauge, and Ref. [39] gives the values in three different gauges. [36] . The extrapolated oscillator strength 0.539 0864(3) has 6 significant digits with the value 0.539 0861 of Drake [37] .
A. Energies and Oscillator Strengths
A similar convergence pattern exists for the energies and oscillator strengths in the velocity and acceleration gauges for the other triplet states of helium. The final convergent results of the energies in the lengthy gauge are presented in Table II . Our energies are much more accurate than the values [38] by two order of magnitudes, which are obtained by using the B-splines CI method with different number of configuration states. And our results for the 2 3 S and 2 3 P states have 8 significant digits with the explicitly correlated calculations [36] and the Hylleraas results [37] . Table III lists the comparison of the oscillator strengths for some selected transitions. The superscripts (L), (V ), and (A) represent results obtained in the length, velocity and acceleration gauges, respectively. For the dipole oscillator strength of 2 3 S → 2 3 P transition, the value in the acceleration gauge is less accurate than the results from length and velocity gauges, but our results for 2 3 S → 2 3 P in three gauges are correspondingly much more accurate than the values in different gauges of Ref. [39] by three order of magnitudes. All of our results in Table III are much more accurate than the previous values of Refs. [36, 39] . And for the oscillator strengths of other transitions, our results in the length and velocity gauge are in excellent agreement with the Hylleraas calculations of Drake [37] . In addition, the oscillator strengths from the initial states 2 3 P and 3 3 P transit to the unnatural parity states 2
3 P e and 3 3 P e are also listed in the Table III . Table IV gives the convergence of the static dipole polarizabilities for the metastable state 2 3 S of helium as the number of basis set and partial waves increased, and the last line lists the extrapolated values. From this table, we can see in the length and velocity gauges, the convergence style are the same, the results are decreased as the number of basis sets N increased for a same ℓ max . However in the acceleration gauge, the values are increased as the number of basis sets N increased for a same ℓ max . The final convergent value in the length gauge is 315.631 5(2), which has 6 significant digits compared with the most accurate Hylleraas value 315.631 47(1) of Yan [40] . 
C. Dynamic Dipole Polarizabilities
Table VI lists the dynamic dipole polarizabilitity for the metastable state 2 3 S of helium for some selective frequency from 0 to 0.12 a.u., the figures in parentheses represent com-putational uncertainties. It seen clearly from this table, all of our values have at least 5 significant digits except the results of ω = 0.04 a.u., ω = 0.110 a.u., and ω = 0.115 a.u., which only have 4 significant digits. That's because there is always a tune-out wavelength located in the vicinity of these positions [4] , the relativistic and finite nuclear mass corrections may effect the uncertainities of dynamic dipole polarizabilities. [28, 31, 32] . All of ours results lie within the boundary of Glover and Weinhold's [27] , which gives the rigorous upper and lower limits for the dynamic dipole polarizability at a wide frequency range. In the low-frequency region, our values are in good agreement with Ref. [31] , which are also obtained by using B-spline CI method. For example, ours values have the same five significant digits as theirs. As the frequency ω increased, the differences between present results and values of Ref. [31] increased, especially for the ω = 0.115 a.u., the difference of the dynamic polarizabilities can reach to about 2.2 a 3 0 . The reason for this is that the box size R 0 of B-spline adopted in present and Ref. [31] calculations are different. As ω increased, R 0 should be chosen big enough to make sure the transition to high-excited states, especially the transition energies of those excited states near ω, can be included in the calculation of polarizabilities. For example, if the box size R 0 = 200 a.u. is adopted, we get α 1 (0.140) = 1.91012(92) a . However, the box size is not the bigger the better for the B-spline CI calculation, oppositely, the loss of accuracy will occur under the same number of B-spline for the big box size. In order to get more accurate values, the number of B-spline should be increased, which makes the number of CI increased exponentially and slows down the convergent process of our calculations. So in our practical calculation, we need to chose appropriate R 0 to get accurate value for large ω and to avoid large number of CI at the same time.
Table VII lists some selective values of dynamic dipole polarizabilities of 2 3 P , 3 3 S, and 3 3 P states for the He atom. For the 2 3 P state, we calculate the dynamic dipole polarizabilities for frequency below the second excitation threshold, and for the 3 3 S and 3 3 P states, we only list the dynamic dipole polarizabilities for frequency ω below the first ionization threshold. All of our results are very accurate except few values for the frequency near resonance transition energy or ionization threshold.
The dynamic dipole polarizabilities for the lowest four triplet states of helium are also plotted in the Figs. 1-6 as the photon energy ω. For the non-zero angular momentum state, the polarizability depends upon its magnetic quantum number M because of both scalar and tensor polarizabilities existing, so the dynamic dipole polarizabilities for 2 3 P and 3 3 P states are divided into two cases as M = 0 and |M| = 1. The crossing points between a curve and the horizontal zero line are called as tune-out wavelengths, which denoted as solid magenta circle, and the crossing points between two curves are the magic wavelengths, which denoted as blank red circle. The vertical lines are the resonance transition positions. Table VIII lists the values of tune-out wavelengths in the 400-4200 nm region, which marked as solid magenta circle in the Figs. 1-6 , For the metastable state of helium, Mitroy and Tang [4] have obtained the 413.02(9) nm tune-out wavelength by incorporating Hyller- aas matrix elements for the transition to 2 3 P and 3 3 P manifolds and core-polarization model matrix elements for other transitions, and they predicted the tune-out wavelength around 413 nm can be used to test the QED effect. Recently, a experimental measurement of Ken Baldwin's group report the tune-out wavelength being 413.0938(9Stat. )(20Syst.) nm [5] and another theoretical calculation by Notermans et al [7] gives 414.197 nm tune-out wavelength by using available tables of level energies and Einstein A coefficients. Our tuneout wavelength of ab-initio calculation is 413.038 28(3) nm, which corroborates the value 413.02(9) nm of Mitroy and Tang [4] . The difference between the theoretical calculations and the experimental measurement may caused by finite nuclear mass, relativistic and QED corrections, which calls for great efforts for theoretical calculation to improve the precision for QED test. 
D. Tune-Out Wavelengths
P ω α 1 (ω) α 1 (ω) α T 1 (ω) α 1 (ω) α T 1 (ω) 0
E. Magic Wavelengths
The magic wavelength is the wavelength at which the polarizability difference for a transition goes to zero, which means the first-order Stark shifts for the upper and lower levels of a transition are the same [41, 42] . Table IX presents magic wavelength of 1066.197(2) nm, there exist two terms, which play major contribution of the dynamic dipole polarizabilities for the 2 3 S and 3 3 P (M = 0) states respectively. Table X lists some contributions from different intermediate states for the 2 3 S → 3 3 P (M = 0) transition in detail at the magic wavelength of 1066.197(2) nm. We can see that the contribution from 2 3 P state to the polairzability of 2 3 S is about 99.87%, and the contribution from 6
3 S state to the polairzability of 3 definition of magic wavelength α 2 3 S (ω m ) = α 3 3 P (ω m ), we have the expanded form, (25) where the second term in the left of Eq. (25) is all the contributions from other n 3 P states to the dynamic dipole polarizability of 2 3 S state, and the second term in the right of Eq. (25) is all the contributions from other n 3 S, n 3 D, and n 3 P e states to the dynamic dipole polarizability of 3 3 P (M = 0) state. If all the remainder terms are neglected, then the ratios of oscillator strengths and reduced matrix elements are written as
Combined present energy difference and the magic wavelength 1066.197(2) nm, the ratios of the oscillator strengths and the reduced matrix elements are determined and listed in Table XI . Present 1 are the values of our ab-initio calculation, and Present 2 are derived by substituting our theoretical energies and the magic wavelength of 1066.197(2) nm into the Eqs. (26) and (27) . Compared with the explicitly correlated results of Ref. [36] , we believe our values of Present 1 are reliable, since present oscillator strengths for 2 3 S → 2 3 P and 3 3 P → 6 3 S transitions are much more accurate than the values of Ref. [36] by at least one order of magnitude. In order to test the accuracy of the values derived from Eqs. (26) and (27) (2) 1273.1580(2) 0.043 149 27 (2) 1055.9472(3) 0.047 2945 (1) 963.397(2) 0.049 9054 (1) 912.995 (3) seen that the derived values 64.6653 and 4.677847 from the Eqs. (26) and (27) are in good agreement with our ab-initio values 65.48(2) and 4.7073(3) at the level of 1.3% and 0.7% accuracy respectively. If increasing the number of B-spline basis sets, and also considered the contribution of the remainder term, then improvement of the accuracy for the transition matrix elements ratio (M 2 3 S→2 3 P )/(M 3 3 P →6 3 S ) up to 0.5% is achievable. As we known that, present experimental technique is very difficult to measure matrix elements accurately, only 1% accuracy for one or two of the lowest transitions have been reported [43, 44] . Recently, Herold et al. present a method for accurate determination of 5s − 6p matrix elements in rubidium by measurements of the ac Stark shift around tune-out wavelength [3] . In our calculation, the particular magic wavelength around 1066 nm can be used for experiment measurement to determine the atomic transition matrix elements involved highly excited states for helium. The calculations of the energies and the main oscillator strengths for the four triplet states (2 3 S, 3 3 S, 2 3 P , and 3 3 P ) in the length, velocity and acceleration gauges are carried out by the configuration interaction based on the B-spline functions. Also the accurate dynamic dipole polarizabilities for the four lowest triplet states are obtained. Ours static dipole polarizabilities in the length and velocity gauges have 5-6 significant digits, which are in excellent agreement with the variational Hylleraas calculations. Present work lays solid foundation for the further to calculate the relativistic and QED effects on the dynamic polarizabilities of helium.
In particular, the tune-out wavelengths for the four triplet states and magic wavelengths for the three transitions of 2 3 S → 3 3 S, 2 3 S → 2 3 P , and 2 3 S → 3 3 P are determined with high precision. Our tune-out wavelength 413.038 28(3) nm of the metastable state validate the value of Mitroy and Tang [4] . And the magic wavelength around 1066 nm for 2 3 S → 3 3 P transition is proposed for experimental measurement to determine the ratio of the transition matrix elements (2 3 S → 2 3 P )/(3 3 P → 6 3 S), this is a unique way to obtain accurate transition matrix element involved highly excited states. Also we expected that other tune-out wavelengths and magic wavelengths can provide theoretical reference for the precision-measurement experiment design in the future. Comparison of the ratios for the oscillator strengths (f 2 3 S→2 3 P )/(f 3 3 P →6 3 S ) and the reduced matrix elements (M 2 3 S→2 3 P )/(M 3 3 P →6 3 S ). Present 1 are the value of our ab-initio calculation, and Present 2 are derived by substituting our theoretical energies and the magic wavelength of 1066.197(2) nm into the Eqs. (26) and (27) . The numbers in parentheses give the computational uncertainties.
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